Abstract. We prove that if the Hardy-Littlewood maximal operator is bounded on a separable Banach function space X(R n ) and on its associate space X ′ (R n ) and a maximally modulated Calderón-Zygmund singular integral operator T Φ is of weak type (r, r) for all r ∈ (1, ∞), then T Φ extends to a bounded operator on X(R n ). This theorem implies the boundedness of the maximally modulated Hilbert transform on variable Lebesgue spaces L p(·) (R) under natural assumptions on the variable exponent p : R → (1, ∞). Applications of the above result to the boundedness and compactness of pseudodifferential operators with L ∞ (R, V (R))-symbols on variable Lebesgue spaces L p(·) (R) are considered. Here the Banach algebra L ∞ (R, V (R)) consists of all bounded measurable V (R)-valued functions on R where V (R) is the Banach algebra of all functions of bounded total variation.
Introduction
In this paper we will be concerned with the boundedness of maximally modulated Calderón-Zygmund singular integral operators and its applications to the boundedness of pseudodifferential operators with non-regular symbols on separable Banach function spaces.
Let us define the main operators we are dealing with. Let L ∞ 0 (R n ) and C ∞ 0 (R n ) denote the sets of all bounded functions with compact support and all infinitely differentiable functions with compact support, respectively. A Calderón-Zygmund operator is a linear operator T which is bounded on L 2 (R n ) such that for every f ∈ L ∞ 0 (R n ), (T f )(x) := R n K(x, y)f (y) dy for a.e. x ∈ R n \ supp f, where supp f denotes the support of f . The kernel
is assumed to satisfy the following standard conditions: f (y) x − y dy, x ∈ R, where I(x, ε) := (x − ε, x + ε). Suppose Φ = {φ α } α∈A is a family of measurable real-valued functions indexed by an arbitrary set A. Then for every φ α ∈ A, the modulation operator is defined by (M φα f )(x) := e −iφα(x) f (x), x ∈ R n .
Following [GMS05] (see also [DPL13] ), the maximally modulated singular integral operator T Φ of the Calderón-Zygmund operator T with respect to the family Φ is defined for f ∈ L ∞ 0 (R n ) by
This definition is motivated by the fact that the maximally modulated Hilbert transform (Cf )(x) := (H Ψ f )(x) with Ψ := {ψ α (x) = αx : α, x ∈ R} is closely related to the continuous version of the celebrated For f ∈ C ∞ 0 (R), consider the maximal singular integral operator given by (1.1)
where S (a,b) f is the integral analogue of the partial sum of the Fourier series given by
is the Fourier transform of f . It is not difficult to
For a suitable function a on R × R, a pseudodiffferential operator a(x, D) is defined for a function f ∈ C ∞ 0 (R) by the iterated integral
The function a is called the symbol of the pseudodifferential operator a(x, D).
Our results on the above mentioned operators will be formulated in terms of the Hardy-Littlewood maximal function, which we define next. Let 1 ≤ r < ∞. Given f ∈ L r loc (R n ), the r-th maximal operator is defined by
where the supremum is taken over all cubes Q containing x. Here, and throughout, all cubes will be assumed to have their sides parallel to the coordinate axes and |Q| will denote the volume of Q. For r = 1 this is the usual Hardy-Littlewood maximal operator, which will be denoted by
where the supremum is taken over all cubes Q containing x. Banach function spaces X(R n ) will be defined in Section 2. This is a wide class of spaces including rearrangement-invariant (r.i.) Lebesgue, Orlicz, and Lorentz spaces, as well as non-r.i. variable Lebesgue spaces L p(·) (R n ). The main feature of these spaces is the so-called lattice property: if |f (x)| ≤ |g(x)| for a.e. x ∈ R n , then f X(R n ) ≤ g X(R n ) . In Section 2 we collect preliminaries prepare the proof of main results given in Section 3. Let us briefly describe them.
The boundedness of maximally modulated Calderón-Zygmund operators T Φ on weighted Lebesgue spaces was studied by Grafakos Φ on a separable Banach function space X(R n ) under the natural assumptions that M is bounded on X(R n ), M is bounded on its associate space X ′ (R n ), and T Φ is of weak type (r, r) for all r ∈ (1, ∞) (see Theorem 3.1). Notice that the latter hypothesis is satisfied for the maximally modulated Hilbert transform C. This gives the boundedness of C on X(R) (see Corollary 3.3). From here and the pointwise estimate (1.2) we also get the boundedness of the operator S * on separable Banach functions spaces such that M is bounded on X(R) and on X ′ (R) (see Lemma 4.2).
Section 4 is devoted to applications of the above results to the boundedness of pseudodifferential operators with non-regular symbols on Banach function spaces. Note that the boundedness of a(x, D) with smooth (regular) symbols in Hörmander's and Miyachi's classes on separable Banach function spaces was studied in [K-A14] (see also [KS13] ). On the other hand, Yu. Karlovich introduced the class L ∞ (R, V (R)) of bounded measurable V (R)-valued functions on R where V (R) is the Banach algebra of all functions of bounded total variation. Symbols in L ∞ (R, V (R)) may have jump discontinuities in both variables. By using the boundedness of the operator S * on L p (R) for 1 
for f ∈ C ∞ 0 (R). From this inequality and the boundedness of S * we obtain the boundedness of a(x, D) on separable Banach function spaces X(R) under the assumption that M is bounded on X(R) and X ′ (R) (see Theorem 4.3). In Section 5 we specify the above results to the case of variable Lebesgue spaces The characteristic function of a measurable set E ⊂ R n is denoted by χ E and the Lebesgue measure of E is denoted by |E|.
+ , for all constants a ≥ 0, and for all measurable subsets E of R n , the following properties hold:
with C E ∈ (0, ∞) which may depend on E and ρ but is independent of f .
When functions differing only on a set of measure zero are identified, the set X(R n ) of all functions f ∈ M for which ρ(|f |) < ∞ is called a Banach function space. For each f ∈ X(R n ), the norm of f is defined by
The set X(R n ) under the natural linear space operations and under this norm becomes a Banach space (see [BS88, Chap. 1, Theorems 1.4 and 1.6]).
The norm of a bounded sublinear operator A on a Banach function space X(R n ) will be denoted by A B(X(R n )) .
If ρ is a Banach function norm, its associate norm ρ ′ is defined on M + by
It is a Banach function norm itself [BS88, Chap. 1, Theorem 2.2]. The Banach function space 
2.2. Density of bounded and smooth compactly supported functions in separable Banach function spaces. The proof of the following fact is standard. For details, see [KS14, Lemma 2.10(b)], where it was proved for n = 1. The proof for arbitrary n is a minor modification of that one. 
for all f, g ∈ D and all constants λ ∈ C. The following result is well known for linear operators. With the property
which is an immediate consequence of (2.1), essentially the same proof establishes the result also for nonnegative sublinear operators.
Lemma 2.3. Let D be a dense linear subspace of a Banach function space X(R n ) and T : D → M be a nonnegative sublinear operator. If there exists a positive constant C such that
then T has a unique extension to a nonnegative sublinear operator T :
In what follows we will use the same notation for an operator defined on a dense subspace and for its bounded extension to the whole space.
2.4. Self-improving property of maximal operators on Banach function spaces. If 1 < q < ∞, then from the Hölder inequality one can immediately get that
Thus, the boundedness of any M r , 1 < r < ∞, on a Banach function space X(R n ) immediately implies the boundedness of M . A partial converse of this fact, called a self-improving property of the Hardy-Littlewood maximal operator, is also true. It was proved by Lerner and Pérez [LP07] (see also [LO10] 
whenever M is bounded on X(R n ). The converse inequality for Lebesgue spaces Let S 0 (R n ) be the space of all measurable functions f on R n such that |{x ∈ R n : |f (x)| > λ}| < ∞ for all λ > 0.
Theorem 2.5 ([L10, Corollary 4.2]). Let M be bounded on a Banach function space X(R n ). Then M is bounded on its associate space X ′ (R n ) if and only if there exists a constant C # > 0 such that, for all f ∈ S 0 (R n ),
2.6. Pointwise inequality for the sharp maximal function of T Φ . Let 1 ≤ r < ∞. Recall that a sublinear operator A : L r (R n ) → M is said to be of weak type (r, r) if
for all f ∈ L r (R n ) and λ > 0, where C is a positive constant independent of f and λ. It is well known that if A is bounded on the standard Lebesgue space L r (R n ), then it is of weak type (r, r).
Grafakos, Martell, and Soria [GMS05] developed two alternative approaches to weighted L r estimates for maximally modulated Calderón-Zygmund singular integral operators T Φ . One is based on good-λ inequalities, another rests on the following pointwise estimate for the sharp maximal function of T Φ .
Lemma 2.6 ([GMS05, Proposition 4.1]). Suppose T is a Calderón-Zygmund operator and Φ = {φ α } α∈A is a family of measurable real-valued functions indexed by an arbitrary set A. If T Φ is of weak type (r, r) for some r ∈ (1, ∞), then there is a positive constant C r such that for every f ∈ L ∞ 0 (R n ),
3. Maximally modulated singular integrals on Banach function spaces 3.1. Boundedness of maximally modulated Calderón-Zygmund singular integral operators on Banach function spaces. We are in a position to prove the main result of the paper.
Theorem 3.1. Let X(R n ) be a separable Banach function space. Suppose the Hardy-Littlewood maximal operator M is bounded on X(R n ) and on its associate space X ′ (R n ). Suppose T is a Calderón-Zygmund operator and Φ = {φ α } α∈A is a family of measurable real-valued functions indexed by an arbitrary set A. If T Φ is of weak type (r, r) for all r ∈ (1, ∞), then T Φ extends to a bounded operator on the space X(R n ).
Proof. We argue as in the proof of [K-A14, Theorem 1.2]. Since M is bounded on X(R n ), by Theorem 2.4, there is an r ∈ (1, ∞) such that the maximal function M r is bounded on X(R n ), that is, there is a positive constant C such that
Assume that f ∈ C ∞ 0 (R n ). By the hypothesis, T Φ is of weak type (r, r) and M is bounded on X ′ (R n ). Therefore, T Φ f ∈ S 0 (R n ). Moreover, by Theorem 2.5, there exists a positive constant C # such that
From Lemma 2.6 and Axioms (A1)-(A2) we conclude that there exists a positive constant C r such that
Combining inequalities (3.1)-(3.3), we arrive at
To conclude the proof, it remains to recall that C ∞ 0 (R n ) is dense in the separable Banach function space X(R n ) in view of Lemma 2.2 and apply Lemma 2.3.
3.2. Boundedness of the maximally modulated Hilbert transform on standard Lebesgue spaces. Fix f ∈ L 1 loc (R). Let H * be the maximal Hilbert transform given by
where I(x, ε) = (x − ε, x + ε). Further, let C * be the maximally modulated maximal Hilbert transform (called also the maximal Carleson operator) defined by
It is easy to see that
The boundedness of the operator C * on the standard Lebesgue spaces L r (R) is proved, e.g., in [G09, Theorem 11. Lemma 3.2. The maximally modulated Hilbert transform C is bounded on every standard Lebesgue space L r (R) for 1 < r < ∞.
3.3. Boundedness of the maximally modulated Hilbert transform on separable Banach function spaces. From Theorem 3.1 and Lemma 3.2 we immediately get the following.
Corollary 3.3. Let X(R) be a separable Banach function space. Suppose the Hardy-Littlewood maximal operator M is bounded on X(R) and on its associate space X ′ (R). Then the maximally modulated Hilbert transform C extends to a bounded operator on X(R). 
Hence at every point x ∈Ṙ := R ∪ {∞} the one-sided limits
exist, where a(±∞) = a(∞ ∓ 0), and the set of discontinuities of a is at most countable (see, e.g., [N55, Chap. VIII, Sections 3 and 9]). Without loss of generality we will assume that functions of bounded total variation are continuous from the left at every discontinuity point x ∈Ṙ. The set V (R) of all continuous from the left functions of bounded total variation on R is a unital non-separable Banach algebra with the norm 
Note that in view of non-separability of the Banach space V (R), the measurability of a means that the map a : R → V (R) possesses the Luzin property: for any compact set K ⊂ R and any δ there is a compact set K δ ⊂ K such that |K \ K δ | < δ and a is continuous on K δ (see, e.g., [S67, Chap. IV, Section 4, p. 487]). This implies that the function x → a(x, λ ± 0) for all λ ∈Ṙ and the function x → a(x, ·) V are measurable on R as well. Note that for almost all x ∈ R the limits a(x, λ ± 0) the limits exist for all λ ∈Ṙ, a(x, λ) = a(x, λ − 0) for all λ ∈ R and we put a(x, ±∞) := lim λ→±∞ a(x, λ).
Therefore, the functions a(·, λ± 0) for every λ ∈Ṙ and the function x → a(x, ·) V , where 
4.4. Boundedness of the maximal singular integral operator S * on separable Banach function spaces. We continue with the following result on the boundedness of the maximal singular integral operator S * initially defined for f ∈ C ∞ 0 (R) by (1.1). Lemma 4.2. Let X(R) be a separable Banach function space. Suppose the Hardy-Littlewood maximal operator M is bounded on X(R) and on its associate space X ′ (R). Then the operator S * , defined for the functions f ∈ C ∞ 0 (R) by (1.1), extends to a bounded operator on the space X(R). 
where ψ a (x) = ax, ψ b (x) = bx and −∞ < a < b < +∞. Therefore,
From this inequality, Axioms (A1)-(A2), and Corollary 3.3 we get
. It remains to apply Lemma 2.2.
Boundedness of pseudodifferential operators with L
∞ (R, V (R)) symbols on Banach function spaces. We are ready to prove the boundedness result for pseudodifferential operators with non-regular symbols on separable Banach function spaces.
Theorem 4.3. Let X(R) be a separable Banach function space. Suppose the Hardy-Littlewood maximal operator M is bounded on X(R) and on its associate space X ′ (R). If a ∈ L ∞ (R, V (R)), then the pseudodifferential operator a(x, D), defined for the functions f ∈ C ∞ 0 (R) by the iterated integral (1.3), extends to a bounded linear operator on the space X(R) and
Proof. From Lemma 4.1, axioms (A1)-(A2), and Lemma 4.2 we obtain for
Since C ∞ 0 (R) is dense in the space X(R) in view of Lemma 2.2, from the above estimate we arrive immediately at the desired conclusion. 
Boundedness of maximally modulated
for some λ > 0. This set becomes a Banach function space when equipped with the norm
It is easy to see that if
is referred to as a variable Lebesgue space.
We will always suppose that Under these conditions, the space L p(·) (R n ) is separable and reflexive, and its associate space is isomorphic to L 5.2. The Hardy-Littlewood maximal function on variable Lebesgue spaces. By B M (R n ) denote the set of all measurable functions p : R n → [1, ∞] such that (5.1) holds and the Hardy-Littlewood maximal operator is bounded on the variable Lebesgue space L p(·) (R n ). To provide a simple sufficient conditions guaranteeing that p ∈ B M (R n ), we need the following definition. Given a function r : R n → R, one says that r is locally log-Hölder continuous if there exists a constant C 0 > 0 such that
for all x, y ∈ R n such that |x − y| < 1/2. One says that r : R n → R is log-Hölder continuous at infinity if there exist constants C ∞ and r ∞ such that for all x ∈ R n ,
.
The class of functions r : R n → R that are simultaneously locally log-Hölder continuous and log-Hölder continuous at infinity is denoted by LH(R n ). From [CF13, Proposition 2.3 and Theorem 3.16] we extract the following.
Although the latter result provides a nice sufficient condition for the boundedness of the Hardy-Littlewood maximal operator on the variable Lebesgue space 6.2. Transferring the compactness property from standard Lebesgue spaces to variable Lebesgue spaces. For a Banach space E, let L(E) and K(E) denote the Banach algebra of all bounded linear operators and its ideal of all compact operators on E, respectively.
